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1 There are different kinds of ferroelectric materials
our discussion to lead zirconate titanate (PZT).This paper presents a time dependent polarization constitutive model suitable for predicting nonlinear
polarization and electro-mechanical strain responses of ferroelectric materials subject to various histo-
ries of electric ﬁelds. The constitutive model is derived based on a single integral form with nonlinear
(electric ﬁeld and temperature dependent) integrand. The total polarization consists of the time-depen-
dent and residual components. The residual component of the polarization is due to polarization switch-
ing in the ferroelectric materials. We use an ‘internal clock’ concept to incorporate the effect of electric
ﬁeld on the rate of polarization. The corresponding strain response is determined through the use of third
order piezoelectric constant and/or fourth order electrostrictive constant that vary with polarization
stage. It is assumed that in absence of polarization, both piezoelectric and electrostrictive constants
are zero. To incorporate the effect of temperature on the overall polarization behavior all material param-
eters in the constitutive model are allowed to change with the ambient temperature. We present numer-
ical studies on the effect of time, temperature, and electric ﬁeld on the response of ferroelectric material
followed by veriﬁcation of the constitutive model. Experimental data on lead zirconate titanate (PZT)
materials available in the literature are used to verify the model.
 2011 Elsevier Ltd. All rights reserved.1. Introduction constant d were more signiﬁcant at larger strains and lowerFerroelectric materials1 like lead zirconate titanate (PZT) have
been used in energy conversion devices, structural health-monitor-
ing systems, actuators, and sensors. Under these applications ferro-
electric materials are often exposed to various external stimuli,
such as mechanical, electrical, and thermal effects. Depending on
the magnitude of- and duration of exposure to external stimuli
and the boundary conditions, ferroelectric materials can exhibit non-
linear coupling between mechanical and nonmechanical effects in
addition to the time-dependent effect.
In this study we focus on the application of ferroelectric ceram-
ics as actuators where high electric ﬁelds at various rates are ap-
plied to induce desired deformations. Crawley and Anderson
(1990) performed an experiment on a polarized PZT specimen.
The specimen was under a stress-free condition and subjected to
cyclic electric ﬁelds at several amplitudes and frequencies. The
maximum amplitude applied was 85% of the coercive electric ﬁeld
in order to avoid polarization switching. The electric ﬁeld (E3) – in-
plane strain (e11) responses were nonlinear. They also observed
that the effect of creep and loading rate on the piezoelectricll rights reserved.
. In this manuscript, we limit311
frequencies. Polarized ferroelectric materials can experience depo-
larization when an electric ﬁeld is applied in the opposite direction
to the current poling direction. When a sufﬁciently large electric
ﬁeld is applied along the current poling direction, the polarized fer-
roelectric materials might fail due to arching or fracturing instead
of experiencing polarization switching. A polarized ferroelectric
material can also experience depolarization due to high compres-
sive stresses applied parallel to its polarization axis and/or at tem-
perature above its Curie temperature. The depolarized ferroelectric
materials caused by a compressive stress cannot be repolarized by
applying mechanical stresses.
There have been several experimental and theoretical studies
on understanding polarization switching behavior in PZTs. Schmidt
(1981), Armdt et al. (1984), Chan and Hagood (1994) and Fang and
Li (1999) investigated electro-mechanical hysteresis responses of
PLZT and PZT subject to cyclic electric ﬁelds, with amplitudes
above the coercive electric ﬁeld, applied in a quasi-static mode.
Nonlinear behaviors were shown due to polarization switching.
The effect of compressive stresses that are applied parallel to the
poling axis on the electro-mechanical hysteresis behaviors of PZTs
have been studied by Armdt et al. (1984), Hwang et al. (1995),
Lynch (1996), Chen and Lynch (1998), Fang and Li (1999), Kamlah
and Tsakmakis (1999), and Kamlah and Bohle (2001). It was shown
that the compressive stresses accelerate depolarization in the fer-
roelectric ceramics. Experimental studies on PZT-based ceramics
Fig. 2.1. Polarization and strain hysteresis loops under a cyclic electric ﬁeld
(electric ﬁeld is applied in the x3-direction). The solid line is the response of major
hysteresis loop and the dashed line illustrates minor hysteresis loop.
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Hooker (1998) show that the hysteresis response of PZT- based
ceramics depend on their ambient temperatures. The effect of tem-
perature on the polarization switching behaviors in PZTs has also
been reported in Furukawa et al. (1986). Electrical and mechanical
responses of ferroelectric ceramics are time-dependent (Fett and
Thun, 1998; Cao and Evans, 1993; Schaeufele and Haerdtl, 1996;
Hall, 2001). Recently, Zhou and Kamlah (2005) and Zhou and
Kamlah (2006) examined creep response in soft PZT under static
electric ﬁeld and compressive stresses. The creep responses are
signiﬁcant at higher stresses and at electric ﬁeld near the coercive
electric ﬁeld. Ben Atitallah et al. (2010) studied the hysteresis re-
sponses of PZT and active ﬁber composite at several frequencies
and isothermal temperatures. They found that frequencies have a
more signiﬁcant effect on the saturated polarization than on the
coercive electric ﬁeld. The hysteresis response of the composite is
also temperature-dependent.
Several constitutive models have been developed to predict
nonlinear and hysteresis behaviors of ferroelectric ceramics,
focusing on the effect of electric ﬁeld and mechanical stress on
the overall hysteresis behaviors. These constitutive models can
be classiﬁed as purely phenomenological models derived based
on classical mechanics and thermodynamics framework and
micromechanics based models that incorporate changes in the
polycrystalline structure with external stimuli. Bassiouny et al.
(1988a,b) and Bassiouny and Maugin (1989) presented a phe-
nomenological model for electromechanical hysteresis response
for piezoelectric ceramics. The thermodynamic potential, i.e., free
energy, is decomposed into reversible and irreversible parts. The
irreversible part is the energy associated with the residual
electric polarization. This constitutive model leads to rate-
independent equations for the residual polarization and elec-
tro-mechanical hardenings (in analogy to ﬂow rule plasticity
model). The presented thermodynamics formulation can be ex-
tended to include dielectric relaxation and viscoelastic response
for piezoelectric ceramics. In a similar way to the phenomeno-
logical model of Bassiouny et al. (1988a,b, 1999), Huang and
Tiersten (1998a,b) presented electro-elastic equations for
describing a slow hysteresis behavior in ferroelectric ceramics.
The material irreversibility is associated with the residual elec-
tric-ﬁeld – polarization response during polarization switching.
Landis (2002) developed a phenomenological model for predict-
ing ferroelastic switching in ferroelectric materials. They used
the idea of a rate-independent plasticity model and discussed
an extension of the constitutive model to include a rate-depen-
dent response. Smith et al. (2003, 2006) developed a polariza-
tion-electric ﬁeld hysteresis model based on free-energy of a
single crystal structure. A stochastic homogenization approach
was then used to obtain macroscopic behaviors of polycrystal
piezoceramics. Chan and Hagood (1994) simulated a polarization
reversal behavior of a single-crystal piezoceramic. The single
crystal can be polarized to six possible directions and the overall
responses of the piezoceramics were obtained either by averag-
ing the crystallite responses in a global coordinate system or
by taking into account internal alignment of the crystallites. Sev-
eral other micromechanics based constitutive models for describ-
ing polarization switching in ferroelectric materials can be found
in Chen and Lynch (1998), Fan et al. (1999), Huber et al. (1999),
Li and Weng (1999, 2001), Bhattacharya and Ravichandran
(2003), Shilo et al. (2007), and Kim and Seelecke (2007). Re-
cently, Su and Landis (2007) presented a constitutive model for
ferroelectric materials derived from a continuum thermodynam-
ics framework that takes into account the microstructural
changes during domain switching process. Further discussion
on the development of constitutive models of ferroelectric mate-
rials can be found in Smith (2005).Most of current modeling approaches focus on understanding
rate-independent hysteresis behavior of ferroelectric materials.
The electro-mechanical response of ferroelectric ceramics is shown
to be time- (and rate-)dependent within a context of dielectric- and
piezoelectric relaxation. In addition, the electro-mechanical hyster-
esis response of ferroelectric ceramics depends strongly upon the
applied electric ﬁelds and ambient temperatures. This study incor-
porates the effects of time, electric ﬁeld, and temperature on the
electro-mechanical and polarization switching behaviors of ferro-
electric ceramics. A constitutive model based on a nonlinear time
integral form is proposed and discussed in Section 2. Changes in
the microstructures of the ferroelectric materials due to external
stimuli and loading conditions are incorporated implicitly by allow-
ing the material parameters to change with the external stimuli.
Section 3 presents a numerical algorithm for determining the non-
linear time-dependent response of ferroelectricmaterials subject to
various loading histories. Material parameter identiﬁcation and
numerical prediction on the effect of time, temperature, and elec-
tric ﬁeld on the response of ferroelectric material are presented in
Section 4. Section 5 is dedicated to concluding remarks.2. Constitutive model for time-temperature dependent
hysteresis behavior
Ferroelectric ceramics are poled in order to align the polariza-
tion axes of all crystal structures in a certain direction so that they
exhibit macroscopic electro-mechanical coupling behavior. Poling
can be done, for example, by applying high electric ﬁeld above
the coercive ﬁeld (Ec) at elevated temperature (see Lines and Glass,
2009). Fig. 2.1 illustrates typical polarization and strain hysteresis
3 It is noted that all material properties are allowed to vary with the ambient
temperature.
4 The delay (time-dependent) response of ferroelectric materials subjected to cyclic
electric ﬁelds can be explained due to changes in the poling direction in each crystal
of the polycrystalline structure of ferroelectric materials with electric ﬁelds. It is
known that the macroscopic response of materials depends upon their microstruc-
tural changes when these materials are subjected to various histories of external
stimuli such as mechanical load and/or electric ﬁeld. These microstructural changes
can occur at various length scales: atomistic, crystal, polycrystalline scales and any
changes in each scale require some ﬁnite period. As we deal with a phenomenological
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starting from a nonpolarized state (point O). Once the material has
been polarized (point A), upon removal of the applied electric ﬁeld
there is a residual (remanent) polarization (point B). If an electric
ﬁeld is continuously applied in an opposite direction to the current
poling axis, depolarization will occur and the polarization axes of
all crystal structures will be realigned in the direction of the ap-
plied electric ﬁeld (point C). The solid line shows a major hysteresis
response during polarization switching. A polarized ferroelectric
material possesses macroscopic electro-mechanical coupling char-
acteristics via piezoelectric and electrostrictive constants. If a cyc-
lic electric ﬁeld with amplitude smaller than the coercive electric
ﬁeld is applied on a polarized ferroelectric material, minor hyster-
esis responses are exhibited (indicated by a dashed line).
A phenomenological constitutive model2 for ferroelectric ceram-
ics is described in terms of the following ﬁeld variables: stress r,
strain e, electric ﬁeld E, electric ﬂux (displacement) D. When thermal
effect is also considered, temperature T and entropy S can be incor-
porated. This study focuses on understanding response of piezoce-
ramics undergoing large electric driving ﬁelds and small strains. It
is also assumed that loading is within a quasi-static condition such
that the inertia effect on the electro-mechanical response is negligi-
ble. The constitutive model for a polarized ferroelectric ceramics can
be obtained from (see Bassiouny et al., 1988a; Tiersten, 1993; Huang
and Tiersten, 1998a):
rij ¼ @we
@eij

E;T
Di ¼ @we
@Ei

r;T
S ¼ @we
@T

r;E
; ð2:1Þ
we ¼ weðe;E; eT Þ; ð2:2Þ
where weðe;E; eT Þ is the thermodynamic function expressed in terms
of strain e, electric ﬁeld E, and temperature eT ¼ T  To, where To is
the uniform reference temperature. The components of the electric
ﬁeld and strain are expressed as Ei = /,i and eij ¼ 12 ui;j þ uj;i
 
,
respectively; where / and ui are the electric potential and scalar
component of displacement, respectively. The expansion of
weðe;E; eT Þ can include higher order terms in electric ﬁeld. The stress,
electric displacement, and entropy can be expressed as:
rij ¼ Cijklekl  ekijEk  12 bklijEkEl  bij
eT ;
Di ¼ eiklekl þ jeijEj þ
1
2
veijkEjEk þ pieT ;
S ¼ bklekl þ pkEk þ Cv eT ;
ð2:3Þ
where, Cv, bij and pi are the heat capacity, scalar components of the
thermo-elastic and pyroelectric constants, respectively. Material
quantities Cijkl, eijk, jij, bijkl, and vijk are the fourth-order elasticity
tensor, third-order electro-mechanical tensor (piezoelectric con-
stant), second-order electric permeability tensor (dielectric con-
stant), fourth-order electro-mechanical tensor (electrostrictive),
and third-order electric permeability tensor, respectively. Tiersten
(1993) also discussed an alternative expression of the constitutive
model with nonlinear electric ﬁeld and small strain when stress,
electric ﬁeld, and temperature are taken as the independent ﬁeld
variables:
eij ¼ Sijklrkl þ dkijEk þ 12 fklijEkEl þ aij
eT ;
Di ¼ dijkrkl þ jrikEk þ
1
2
vrijkEjEk þ pieT ;
S ¼ aklrkl þ pkEk þ Cv eT ;
ð2:4Þ2 We are interested in the constitutive models for ferroelectric ceramics derived
based on thermodynamics and classical mechanics approaches suitable for contin-
uous and homogeneous bodies. The ﬁeld variables are deﬁned w.r.t. the Cartesian
coordinate system.where aij is the scalar components of the coefﬁcient of thermal
expansion (CTE) and Sijkl, dijk, and fijkl are the elastic compliances,
piezoelectric constant, and nonlinear electroelastic constants. The
second- and third-order electric permeability constants measured
at zero or constant stresses are related to the ones measured at con-
stant or zero strains:
jrij ¼ jeij þ eimndjmn;
vrijk ¼ veijk þ eimnfjkmn:
ð2:5Þ
It is assumed that the macroscopic electro-mechanical coupling
tensors, eijk, bijkl, dijk, fijkl, only exist for polarized ferroelectric cera-
mic (i.e., P3– 0 in Fig. 2.1a); in absence of polarization, no electro-
mechanical coupling effect is present. Kamlah and Tsakmakis
(1999) presented a phenomenological constitutive model for ferro-
electric materials with piezoelectric constants varying with stress
and polarization. This is done to incorporate the effect of depolar-
ization due to compressive stresses and high electric ﬁeld on the
electro-mechanical coupling behaviors. In the phenomenological
models of Bassiouny et al. (1988a) and Huang and Tiersten
(1998a,b), a residual (irreversible) polarization is introduced as
an internal state variable which can be incorporated into the ther-
modynamic function. The thermodynamic function3 is assumed to
be decomposed into electro-elastic energy weðe;Pr; eT Þ and the energy
due to internal state variable wintðPint; eT Þ. Where Pr and Pint are the
reversible and irreversible polarizations.
The polarization-electric ﬁeld hysteresis response,4 both during
polarization switching and minor hysteresis, shows an analogy to a
stress-strain hysteresis loop in viscoelastic materials (see Fang and
Li, 1999; Crawley and Anderson, 1990; Ben Atitallah et al., 2010).
We propose a phenomenological constitutive model with an anal-
ogy to a nonlinear viscoelastic–plastic material behavior for the
polarization-electric ﬁeld response. A convolution time integral
form is used to incorporate loading histories. To reduce the com-
plexity we shall neglect the heat generation due to the dissipation
effect from the ﬂow of electric current. We will start with one-
dimensional equation to describe the assumptions and rationale
behind the proposed model in clarity, followed by an extension
to a multi-axial case.
2.1. One-dimensional time-dependent polarization and strain models
Time integral models have been used to describe nonlinear vis-
coelastic behavior: modiﬁed superposition principle (Findley and
Lai, 1967), multiple integral model (Green and Rivlin, 1957), ﬁnite
strain integral models (Pipkin and Rogers, 1968; Rajagopal and
Wineman, 2009), single integral models (Pipkin and Rogers,
1968; Schapery, 1969), and quasi-linear viscoelastic model (Fung,
1981). To reduce complexity in analyzing nonlinear viscoelastic
behavior and characterizing material properties a single integral
with nonlinear integrand has been used and found capable of
approximating nonlinear responses in viscoelastic materials. Suchmodel, in which detailed microstructural changes are not explicitly incorporated, the
effects of microstructural changes and their rates of changes on the macroscopic (net)
response of materials can be incorporated by allowing the material parameters to
vary with the external stimuli and time. We use a characteristic time to measure the
lapse between an intrinsic material time due to microstructural changes w.r.t. the
laboratory time.
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(1968), and Schapery (1969). For strong nonlinearity, i.e., large
deformation problems, it may be necessary to include higher order
multiple integrals. Here, we will use a single integral model with
nonlinear integrand as the ﬁrst approximation for modeling the
time-dependent polarization behavior coupled with residual polar-
ization due to high electric-ﬁeld.
Consider an input of applied electric ﬁeld in the x3 direction
E3(s), sP 0 and E3(s) = 0,"s < 0. Let R[E3(t  s),t] be the time-depen-
dent polarization response at current time tP 0 due to an input
history of E3(s) with R[0, t] = 0 and Q[E3(t  s), t] be the residual
polarization due to E3(s). It is assumed that the material is nonag-
ing and the residual polarization depends only on the magnitude
and direction of the electric ﬁeld and poling direction at time t.
We also assume that the residual polarization is caused by an
application of high electric ﬁeld in the direction opposite to the
current poling axis, which is responsible for depolarizing the ferro-
electric materials, and by an application of electric ﬁeld to the non-
polarized or depolarized ferroelectric materials. A one-dimensional
representation of the time-dependent polarization is:
P3½E3ðt  sÞ; t ¼ R½E3ðt  sÞ; t þ Q ½E3ðt  sÞ; t ! P½Es; t
¼ R½Es; t þ Q ½Et ; ð2:6Þ
where superscript s and t denote the representative of the previous
time history and current time, respectively. A general time-depen-
dent polarization response based on a single integral with nonlinear
integrand is:
Rt  R½Es; t ¼ R½E0; t þ
Z t
0þ
@R
@E
½Es; t  sdE
s
ds
ds t P 0; ð2:7Þ
R½E0; t ¼ R0ðE0Þ þ R1ðE0Þ 1: exp  ts1
  
; ð2:8Þ
@R
@E
½Es; t  s ¼ @R0ðE
sÞ
@E
þ @R1ðE
sÞ
@E
1: exp  t  s
s1
  
: ð2:9Þ
One may consider R[E0, t] as the polarization at current time t due to
a constant electric ﬁeld applied at s = 0, E0  E(0) and R[Es, t] is a
general nonlinear function of Es. As suggested in the experimental
studies by Zhou and Kamlah (2005), Zhou and Kamlah (2006), a soft
PZT under a static electric ﬁeld experiences an increase in polariza-
tion with time; the time-dependent polarization takes a form of
creep function like in viscoelastic materials. The term R0(Es) repre-
sents the time-independent part of the polarization like an elastic
response in viscoelastic materials, while R1(Es) represents the coef-
ﬁcient of the time-dependent part of the polarization. Both R0(Es)
and R1(Es) are functions of Es. The characteristic time s1 measures
how fast or slow the polarization changes with time. The rate of
the polarization can also depend on the magnitude of electric ﬁeld.
In analogy to the rate of relaxation (or creep) in viscoelastic mate-
rial, this effect can be incorporated by allowing the characteristic
time to vary with electric ﬁeld through the use of a time shift factor5
(see implementation in Section 4). The nonlinear single integral
model can be reduced to a linear integral model by taking the follow-
ing forms for the R0(Es) and R1(Es):
R0ðEsÞ ¼ j0Es;
R1ðEsÞ ¼ j1Es;
ð2:10Þ5 The rate of polarization depends on the external stimuli such as temperature,
moisture, stress ﬁeld, electric ﬁeld, etc. In a viscoelastic body, the rate of stress
relaxation (or rate of creep) is determined by the ‘internal clock’ of the body which
measures the lapse between an intrinsic material time w.r.t. the laboratory time. The
effect of the external stimuli on the rate of relaxation (or creep) is incorporated by
either speeding up or slowing down the ‘internal clock’ of the material (see Pipkin,
1986; Rajagopal and Wineman, 2010; Muliana and Rajagopal, 2011).where j0 is the dielectric constant (corresponding to the second or-
der permeability tensor in a multi-axial case and when j1 = 0, a
time-independent polarization behavior is considered.
In an analogy to a yield function f in the classical rate-indepen-
dent plasticity, we deﬁne a polarization function f(Pt,Pc):
f ðPt ; PcÞ ¼ hPt2  P2c i; ð2:11Þ
where Pt is the polarization at current time, Pc is the current polar-
ization state, analogous to a yield stress in an overstress plasticity
theory, and <> is the Macaulay brackets. It is assumed that the
residual polarization is formed when f(Pt,Pc) > 0. Let _Q ½Et be the
rate of residual polarization, the cumulated residual polarization
is deﬁned by:
Qt  Q ½Et  ¼
Z t
0
_Qds ¼
Z t
0
dQs
dE
dEs
ds
ds ¼
Z Et
0
dQs
dE
dEs: ð2:12Þ
For the ﬁrst polarization stage (path OA in Fig. 2.1), where at point O
the ferroelectric material is unpolarized (Pc = 0), the rate of residual
polarization is given as:
dQ
dE
t
¼ k
_
Et
Ec
 n_ 0 6 jEt j 6 Ec;
l
_
ex
_ Et
Ec
1
  jEtj > Ec;
8><>: ð2:13Þ
where Ec is the coercive electric ﬁeld, k
_
;l
_
;x
_
; n
_
are the material
parameters that need to be calibrated from experiments. An incre-
mental polarization is expressed as:
dQt ¼ dQ
t
dE
dEt : ð2:14Þ
Once the ferroelectric material has been polarized (point A in
Fig. 2.1), the current polarization state is equal to the saturated
polarization (Pc = Ps). Upon removal of electric ﬁeld from point A
to point B, no additional residual polarization is formed since
f(Pt,Pc) = 0. Likewise, if starting at point B a cyclic electric ﬁeld is ap-
plied with amplitude relatively small compared to the coercive
electric ﬁeld (minor hysteresis loop), there will be no additional
residual polarization. If at point B, electric ﬁeld in the opposite
direction to the current poling axis is continuously applied up to
Ec the residual polarization is assumed due to depolarizing process
and upon continuous application of electric ﬁeld, the ferroelectric
material will be polarized in the opposite direction to the original
poling axis (at point C,Pc = Ps). An expression for the rate of resid-
ual polarization during a polarization switching hysteresis response
(major loop ABCDA) is:
dQt
dE
¼
k E
t
Ec
 n 0 6 Et 6 Ec; dEt P 0:0 or  Ec 6 Et 6 0;dEt 6 0:0
l exp x jEt jEc  1
	 
h i
Ec < E
t 6 Em;dEt P 0:0 or
Em 6 Et < Ec;dEt 6 0:0
0 0 6 Et 6 Em; dEt < 0:0 or  Em 6 Et 6 0; dEt > 0:0
8>>>><>>>>:
ð2:15Þ
where k, l, x, n are the material parameters that are calibrated
from experiments and Em is the maximum electric ﬁeld. A total
residual polarization is obtained from Eq. (2.12) and the total polar-
ization in the major hysteresis loop is given as Pt = Rt + Qt. For the
minor6 hysteresis loops, the polarization is given as Pt = Rt + Pr,
where Pr is the remanent (residual) polarization.
Piezoelectric constants in ferroelectric materials are usually
determined once the ferroelectric materials have been polarized
(point B in Fig. 2.1). Thus, the measured piezoelectric properties6 The dielectric constants for polarized and unpolarized ferroelectric specimens are
generally not the same and it is often necessary to recalibrate these constants once
the ferroelectric material has been polarized.
8 These dielectric constants are measured at zero or constant stresses. In general
these values can also depend on ﬁeld variables such as electric ﬁeld, polarization,
stress, and strain. In order to reduce complexity in the multi-axial case, we take a
linear time-dependent function for v11(t) = v22(t).
9 In a multi-axial case, the polarization function in Eq. (2.11) will be a function of Pt
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cyclic electric ﬁeld in the minor loop is determined by:
et ¼ F½Et; t þ
Z t
tþ
@F
@E
½Es; t  sdE
s
ds
dsþ er t > t; ð2:16Þ
where F[Et, t] is the time-dependent strain due to an input electric
ﬁeld history, the piezoelectric constant dðEt; tÞ ¼ @F
@E ½Et; t is mea-
sured at zero stress with an initial polarization Pr, er is the corre-
sponding remanent (residual) strain, and t⁄ is the initial time at
which the minor hysteresis loop starts. As we consider nonaging
materials, it is often convenient to set time t⁄ = 0.0 as the remanent
strain is often eliminated when measuring strain due to applied
electric ﬁeld on a polarized ferroelectric material. Like in Eq. (2.7),
the following form can be used for the time-dependent strain:
F½E0; t ¼ F0ðE0Þ þ F1ðE0Þ 1: exp  tsd
  
: ð2:17Þ
In general, both F0(Es) and F1(Es) are nonlinear functions of Es, which
can be reduced to linear time-dependent piezoelectric constant by
taking F0(Es) = d0Es and F1(Es) = d1Es. The strain in Eq. (2.16) for a lin-
ear time-dependent electro-mechanical coupling can be rewritten
as:
et ¼ dðtÞEð0Þ þ
Z t
0þ
dðt  sÞdE
s
ds
ds t P 0: ð2:18Þ
The linear time-dependent piezoelectric constant is now written as:
dðtÞ ¼ d0 þ d1 1: exp  tsd
  
: ð2:19Þ
Like in the dielectric case, it can be seen that d0 is the instantaneous
piezoelectric constant and d1 corresponds to the time-dependent
piezoelectric constant; when d1 = 0, time-independent electro-
mechanical coupling behavior is considered and sd is the character-
istic time.
The piezoelectric properties depend on the polarization at cur-
rent time, i.e., when Pt = 0 all piezoelectric properties are equal to
zero (strain is zero, as shown in Fig. 2.1b) and the maximum piezo-
electric properties are at the saturated polarization. Kamlah and
Tsakmakis (1999) presented a phenomenological model for major
hysteresis polarizations with piezoelectric constants vary with
stress and electric ﬁeld. The corresponding strain in the major hys-
teresis loop due to the piezoelectric effect, in absence of mechani-
cal loading, is deﬁned by:
et ¼
Pt
Pr
 grPt 8Pt > 0:0
 PtPr
 grPt 8Pt < 0:0
0:0 Pt ¼ 0:0:
8>><>>: ð2:20Þ
The corresponding strain due to the electrostrictive effect is given
as:
et ¼ P
t
Pr
 hrPtPt ; ð2:21Þ
where gr and hr are the piezoelectric and electrostrictive constants,
which correspond to the third and fourth order electro-mechanical
tensors in a multi-axial case, at the remanent polarization. Eqs.
(2.20) and (2.21) describe an increase in strains when the electric
ﬁeld is applied along the current poling axis of the specimen, and
a decrease in strains when the electric ﬁeld is applied in the
opposite direction to the current poling axis. In addition, the7 We consider only the linear part of the piezoelectric constant but allowing the
piezoelectric constant to depend on electric ﬁeld and time, as previously discussed. It
is also possible to include H.O.T. for the strain in Eq. (2.16), leading to a multiple
integral representation.electro-mechanical coupling behavior in ferroelectric materials
can exhibit time-dependent effect. To incorporate the time-
dependent effect in the major hysteresis loop a time integral model
can be adopted:
et ¼
Z t
0
gðPs; t  sÞdPs þ 1
2
Z t
0
Z t
0
hðPs1 ; Ps2 ; t  s2; t  s2ÞdPs1dPs2 :
ð2:22Þ
The above constitutive model describes electro-mechanical re-
sponse of ferroelectric materials subjected to a history of cyclic
electric-ﬁeld in absence of mechanical loading. When temperature
changes are considered, their effects on the electro-mechanical re-
sponse are incorporated through the thermal expansion (a) and
pyroelectric (p) constants and variations in the material parame-
ters with temperatures. In this study, the material properties, i.e.,
Ec, jo, j1, k, n, l,x are allowed to vary with temperatures. Elevated
temperatures and high compressive stresses can cause depolariza-
tion in the polarized ferroelectric materials, affecting the hysteresis
polarization response; this, however, is not the scope of the pres-
ent study. Further discussion on the hysteresis response of ferro-
electric materials under various loading histories and with
different material parameters is given in Section 4.
2.2. Extension to a multi-axial case
The one-dimensional constitutive model for time-dependent
polarization behavior is extended for multi-axial problems. Let x3
be the current poling axis (direction). In absence of stresses, the
components of the electric displacement are:
Pt1 ¼ v11ðtÞE01 þ
Z t
0þ
v11ðt  sÞ
dEs1
ds
ds;
Pt2 ¼ v22ðtÞE02 þ
Z t
0þ
v22ðt  sÞ
dEs2
ds
ds;
Pt3 ¼ R E03; t
h i
þ
Z t
0þ
@R
@E3
Es3; t  s
  dEs3
ds
dsþ
Z Et
0
@Qs
@E3
dEs3:
ð2:23Þ
We assume that the dielectric components are time-dependent. The
magnitudes of the dielectric constants can also depend on the
current polarization Pt3. Huang and Tiersten (1998a) used the
following form for the time-independent dielectric properties
v11 ¼ v22 ¼ vþ aP
_
3, where P
_
3 is the internal state variable related
to the residual polarization and a is a constant. The following linear
time-dependent function can be chosen for the dielectric constant8:
v11ðtÞ ¼ v0 þ v1 1: exp 
t
sv1
  
;
v22ðtÞ ¼ v11ðtÞ;
ð2:24Þ
where v0 and v1 are the scalar coefﬁcients in the time-dependent
dielectric constant and the characteristic time sv1 measures how
fast or slow the dielectric constant changes with time. Upon setting
v1 to zero, we have a linear time-independent dielectric response.
The time-dependent function and residual polarization function9
for Pt3 are given in Eqs. (2.8), (2.13), and (2.15). To simulate polariza-
tion in the minor hysteresis loop, Eq. (2.23) can be used with zero
contribution of the residual polarization dQ
t
3
dE3
¼ 0:0.103
only.
10 This is only true when the corresponding polarization in the minor loop is smaller
than the current polarization state Pc. In general, the process of polarization switching
could occur in the minor hysteresis loop, when an electric ﬁeld of sufﬁciently large
amplitude is applied.
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the polarized PZT specimens the corresponding strain components,
in absence of stresses, are:
etij ¼ E0kdkijðtÞ þ
Z t
0þ
dkijðt  sÞ dE
s
k
ds
ds i; j; k ¼ 1;2;3: ð2:25Þ
Here dkij(t) is the scalar component of time-dependent piezoelectric
constant11. The following time-dependent function can be chosen
for the nonzero components of the piezoelectric tensor:
d311ðtÞ ¼ d311ð0Þ þ d311ð1Þ 1: exp  ts311d
  
;
d322ðtÞ ¼ d311ðtÞ;
d333ðtÞ ¼ d333ð0Þ þ d333ð1Þ 1: exp  ts333d
  
;
d113ðtÞ ¼ d113ð0Þ þ d113ð1Þ 1: exp  ts113d
  
;
d223ðtÞ ¼ d113ðtÞ:
ð2:26Þ
The nonzero shear strain components in the polarized ferroelectric
are caused by applying an electric ﬁeld in the perpendicular direc-
tion to the poling direction. Following Eqs. (2.20) and (2.21), the
components of the normal strain12 during the polarization switch-
ing (major hysteresis loop) are:
etij ¼
Pt3
Pr
 g3ijPt3 þ Pt3Pr h33ijPt3Pt3 8Pt3 > 0:0;
 Pt3Pr
 g3ijPt3 þ Pt3Pr h33ijPt3Pt3 8Pt3 < 0:0;
0:0 Pt3 ¼ 0:0:
8>><>>: i ¼ j; ð2:27Þ3. A time integration algorithm
We formulate a time-integration algorithm based on a recursive
method for numerically obtaining the time-dependent response of
ferroelectric materials. We consider only a one-dimensional prob-
lem. The total polarization at current time (t > 0) is approximated
as:
Pt ¼ PtDt þ DPt ¼ RtDt þ DRt þ QtDt þ DQt; ð3:1Þ
where superscript t  Dt denotes the previous time, D Rt and DQt
are the incremental time-dependent and residual polarizations,
respectively. The goal is to formulate the incremental polarization
DPt. The time-dependent polarization in Eqs. (2.7)–(2.9) is written
as:
Rt ¼ R0ðEtÞ þ R1ðEtÞ 1 exp  ts1
  
þ
Z t
0þ
@R0ðEsÞ
@E
þ @R1ðE
sÞ
@E
1: exp  t  s
s1
   
dEs
ds
ds
¼ R0ðEtÞ þ R1ðEtÞ  R1ðE0Þ exp  ts1
 
 qt ; ð3:2Þ
qt ¼
Z t
0þ
@R1ðEsÞ
@E
exp  t  ss1
 
dEs
ds
ds; ð3:3Þ11 Strains in Eq. (2.25) can also be deﬁned in term of a nonlinear function of ﬁeld
variables, like in Eq. (2.7). We also eliminate the higher order piezoelectric constant
hklij(t) in order to reduce complexity in dealing with multiple integral functions.
12 During the polarization switching in ferroelectric materials due to input E3(s)
there are only normal components of strains and the shear strain components are
zero since shear strains are induced by applying electric ﬁelds perpendicular to the
poling axis. Equation (2.27) can be modiﬁed to include the effect of compressive
stress on butterﬂy strain response, e.g. (Muliana 2010).where qt is the history variable which is written as:
qt¼
Z tDt
pþ
@R1ðEsÞ
@E
exp ts
s1
 
dEs
ds
ds|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
exp Dts1
h iR tDt
0þ
@R1 ðEsÞ
@E exp tDtss1
h i
dEs
ds ds
þ
Z t
tDt
@R1ðEsÞ
@E
exp ts
s1
 
dEs
ds
ds|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
 @R1ðE
t Þ
@E
dE
dt
tþexp Dts1
h i
@R1 ðEtDt Þ
@E
dE
dt
tDt
h i
Dt
2
exp Dt
s1
 
qtDtþ @R1ðE
tÞ
@E
dE
dt
t
þexp Dt
s1
 
@R1ðEtDtÞ
@E
dE
dt
tDt" #Dt
2
t>0:0:
ð3:4Þ
At initial time, qt = q0 = 0.0 and R0 = R0(E0). The incremental form of
the time-dependent polarization is obtained from DRt = Rt  RtDt:
DRt ¼ ½R0ðEtÞ þ R1ðEtÞ  ½R0ðEtDtÞ þ R1ðEtDtÞ
 R1ðE0Þ exp  ts1
 
1 exp Dt
s1
  
þ 1 exp Dt
s1
  
qtDt  @R1ðE
tÞ
@E
dE
dt
t
"
þ exp Dt
s1
 
@R1ðEtDtÞ
@E
dE
dt
tDt#Dt
2
; t > 0:0: ð3:5Þ
It is also possible to determine the incremental time-dependent
polarization from DRt  @Rt
@E DE
t . Like in a viscoelastic constitutive
material model, it is often necessary to use more than one exponen-
tial term in describing a time-dependent behavior of materials. The
time-dependent polarization model due to a ﬁxed electric ﬁeld ap-
plied at t = 0 can be generalized to incorporate N exponential terms:
Rt ¼ R0ðE0Þ þ
XN
n¼1
RnðE0Þ 1: exp  tsn
  
: ð3:6Þ
A general expression for the time-dependent polarization under an
arbitrary history of electric ﬁeld E(s):
Rt ¼ R0ðE0Þ þ
XN
n¼1
RnðEtÞ 
XN
n¼1
RnðE0Þ exp  tsn
 

XN
n¼1
qtn; ð3:7Þ
qtn ¼
Z t
0þ
@Rn
@E
exp  t  s
sn
 
dEs
ds
ds  exp Dt
sn
 
qtDtn
þ @RnðE
tÞ
@E
dE
dt
t
þ exp Dt
sn
 
@RnðEtDtÞ
@E
dE
dt
tDt" #Dt
2
: ð3:8Þ
The incremental form of the time-dependent polarization is:
DRt¼
XN
n¼1
RnðEtÞRnðEtDtÞ
n o

XN
n¼1
RnðE0Þexp  tsn
 
1exp Dt
sn
  
þ exp Dt
sn
 
1
 
qtDtn

Dt
2
XN
n¼1
@RnðEtÞ
@E
dE
dt
t
(
þexp Dt
sn
 
@RnðEtDtÞ
@E
dE
dt
tDt)
: ð3:9Þ
Using the rate of residual polarization in Eq. (2.13) or (2.15), the
incremental residual polarization is:
DQt  dQ
t
dE
DEt: ð3:10Þ
The total incremental polarization is deﬁned as DPt = DRt + DQt and
the current polarization is given as Pt = PtDt + DPt. Once Pt is
2724 A. Muliana / International Journal of Solids and Structures 48 (2011) 2718–2731determined the strain in the major hysteresis loop is obtained from
Eq. (2.20) and/or Eq. (2.21).
The incremental strain Det  et  etDt of the minor hysteresis
loop (Eq. (2.16)) can be approximated in a similar way as the
time-dependent polarization:
Det ¼ ½F0ðEtÞ þ F1ðEtÞ  ½F0ðEtDtÞ þ F1ðEtDtÞ  F1ðE0Þ
 exp  t
sd
 
1 exp Dt
sd
  
þ 1 exp Dt
sd
  
f tDt
 @F1ðE
tÞ
@E
dE
dt
t
þ exp Dt
sd
 
@F1ðEtDtÞ
@E
dE
dt
tDt" #Dt
2
; ð3:11Þ
where the history variable is given as:
f t ¼
Z t
0þ
@F1ðEsÞ
@E
exp  t  s
sd
 
dEs
ds
ds  exp Dt
sd
 
f tDt
þ @F1ðE
tÞ
@E
dE
dt
t
þ exp Dt
sd
 
@F1ðEtDtÞ
@E
dE
dt
tDt" #Dt
2
: ð3:12ÞFig. 4.1. Hysteresis polarization responses (major loops): (a) total polarization; (b)
residual polarization; (c) time-dependent polarization.It is also possible to generalize the time-dependent strain to include
more than one exponential term like in the time-dependent
polarization.4. Numerical implementation
We discuss parameter identiﬁcation in the above polarization
model focusing on a one-dimensional formulation. Parametric
studies on understanding the effects of material parameters on
the overall polarization hysteresis loops are presented followed
by veriﬁcation of the proposed model. Experimental data available
in the literature on several PZT-based materials are used for
comparisons.4.1. Parameter identiﬁcation and parametric studies
One dimensional polarization behavior of a typical PZT material
due to a history of applied electric ﬁeld in the x3 direction
E3(s) = Emsin(2pfs), sP 0 with 2pf ¼ 1; Em ¼ 2:5MVm is illustrated
in Fig. 4.1a. Responses of the residual and time-dependent polari-
zation are also shown separately in Fig. 4.1b and 4.1c, respectively.
All material parameters used to simulate this response are given in
Table 4.1. A linear time-dependent polarization (Eq. 2.10) is con-
sidered. In order to determine the time-dependent parameters
j0, j1, s1, one can apply a sinusoidal electric ﬁeld with amplitudeTable 4.1
Material parameters for polarization behavior of typical PZT.
Ec
(MV/m)
j0
(109 F/m)
j1 s1 (s) k
(106 F/m)
n l
(106 F/m)
x
1.5 10 50 1.0 0.25 2.0 0.25 3
Note: k
_
¼ 0:5k; n_ ¼ n;l_ ¼ 0:5l;x_ ¼ x.
Fig. 4.2. Time-dependent polarization responses at (a) different amplitude of
electric ﬁelds and (b) different characteristic times.
Fig. 4.3. Residual polarization responses with different material parameters.
Fig. 4.4. Contribution of the time-dependent material parameters on the polariza-
tion behavior: (a) j0 = 10  109 F/m; j1 = 50  109 F/m; (b) j0 = 5  109 F/m;
j1 = 100  109 F/m.
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with a constant rate until a certain level of electric ﬁeld is achieved
and the electric ﬁeld is held constant for certain period (see Zhou
and Kamlah, 2006). Responses of linear hysteresis polarization
behavior at different amplitude of electric ﬁelds and different char-
acteristics of relaxation times are depicted in Fig. 4.2. It is seen that
the smaller the value of s1 with regards to the frequency 2pf the
faster the material relaxes and reaches the steady-state (saturated)
condition. It is also seen that s1 inﬂuences the direction of the two
axes in the elliptical Lissajous13. Detailed discussion on characteriz-
ing time-dependent material parameters for viscoelastic solid13 The direction of the axes in the elliptical Lissajous also varies with the time-
dependent material coefﬁcient j1.material from cyclic loading can be found in Lakes (1998) and
Wineman and Rajagopal (2000), which can be adopted to determine
material parameters in the time-dependent polarization model.
Fig. 4.1b depicts the residual polarization response based on the
rate of residual polarization in Eqs. (2.13) and (2.15). The material
parameters in the ﬁrst polarization stage are taken to be half of the
ones of the major hysteresis loop (Table 4.1). During unloading
from Em to zero electric ﬁeld and loading from Em to zero electric
ﬁeld, the residual polarization is in its maximum value and the re-
sponses during these unloading and loading regimes are only due
to the time-dependent polarization as seen in Fig. 4.1a. The effects
of material parameters k, l, x, n on the residual polarization are
illustrated in Fig. 4.3. The parameters k and l inﬂuences the height
and width of the residual polarization loop while the parameters n
and x affect the curvature of the residual polarization. For exam-
ples: a high value of n leads to a low polarization at electric ﬁeld
below the coercive electric ﬁeld and signiﬁcant increase in residual
polarization close to the coercive electric ﬁeld, a high value ofx re-
sults in a sharp curvature close to the saturated polarization. To
have a meaningful hysteresis polarization response it is necessary
to have n > 1 and x > 0.
It is seen that varying the parameters k, l,x,n slightly shifts the
coercive electric ﬁeld; however, error from this shift is relatively
small with regards to the given coercive electric ﬁeld, i.e.,
Ec = 1.5 MV/m (Fig. 4.1a). This error can be corrected by adjusting
the material parameters (see Fig. 4.3). In order to properly charac-
terize the material parameters in the above model, the following
steps of experiments can be considered. First, cyclic electric ﬁeld
with amplitude lower than the coercive electric ﬁeld can be
conducted to determine material parameters in the time-
dependent polarization. To examine linearity in response, one can
perform the tests at different amplitude of electric ﬁelds. Once the
Fig. 4.5. Butterﬂy strain responses during polarization switching: the piezoelectric
and electrostrictive effects.
Fig. 4.6. Major and minor polarization responses subjected to various histories of
cyclic electric ﬁelds.
14 These values are much smaller (three order of magnitude smaller) than the values
of k and l(see Table 4.1) as the contribution of dielectric constant on the electric
displacement is usually smaller than the contribution of polarization on the electric
displacement (D = jE + P;jE < <P); however, it inﬂuences the shape of the hysteresis
loops.
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hysteresis response under high electric ﬁeld (above the coercive
electric ﬁeld) can be used to characterize the four material param-
eters corresponding to the residual polarization. However, experi-
ments are often done under cyclic electric ﬁeld with amplitude
above the coercive electric ﬁeld, in which polarization switching
occurs, making the material characterization rather complicated.
Even under such circumstances, it is still possible to characterize
material parameters as each of these parameters contribute to cer-
tain shape/variation in the polarization response. Referring to
Fig. 4.1, variations in the polarization loops at different cycles aredue to the time-dependent response. If saturated condition is
reached after a few cycles of loading, this indicates that the charac-
teristics relaxation time s1 is comparable to the period of loading T⁄
(see Fig. 4.2b). The dashed line shows response for T

s1
¼ 2p and the
solid line indicates response for T

s1
¼ 20p. The higher the ratio of Ts1
the faster the saturated condition is reached. The values for j0 and
j114can be adjusted by examining the responses during unloading
from Em to zero electric ﬁeld and loading from Em to zero electric
ﬁeld. A nearly linear curve (straight line) in these unloading and
loading regions indicates a smaller contribution of j1 and a highly
nonlinear curve shows a strong contribution of j1 (Fig. 4.4), while
j0 inﬂuences the magnitude of the polarization but not the hystere-
sis shape.
The corresponding butterﬂy strain response of the major hys-
teresis loop, generated from the proposed model, is illustrated in
Fig. 4.5. The strain responses in Eqs. (2.20) and (2.21) with linear
and nonlinear material parameters are considered (gr = 0.02 m2/
C; hr = 0.08 m4/C2; Pr = 0.15 C/m2). The nonlinear parameters incor-
porate changes in the electro-mechanical coupling properties with
polarization as given in Eqs. (2.20) and (2.21). We use the coupling
properties measured at the remanent polarization as the reference
properties and it is also possible to pick different variations of the
polarization-dependent electro-mechanical coupling properties.
The effects of piezoelectric and electrostritive constants on the but-
terﬂy strain response are also examined. At early loading cycles the
nonsymmetric butterﬂy strain responses are observed due to the
delayed response during the time-dependent polarization. After
Fig. 4.7. Time-dependent polarization and strain responses of PIC 51 (experimental
data is obtained from Zhou and Kamlah (2006)).
Fig. 4.8. The effect of polarization dependent piezoelectric constant on the strain
response during the ﬁrst polarization stage.
Fig. 4.9. The effect of rates of the electric ﬁeld input on the ﬁrst polarization
response.
Table 4.2
Material parameters for PIC 51.
Ec
(MV/
m)
j0
(109 F/
m)
j1 s1 (s) k
_
(106 F/
m)
n
_
l
_
(106 F/
m)
x
_
1.0 25 180 150 0.56 3.0 0.74 4
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reached, symmetric butterﬂy strain responses should be expected
from the model. Within a context of nonlinear theory, in which
higher order terms of ﬁeld variables are incorporated, it is also pos-
sible to combine strains in Eqs. (2.20) and (2.21) in modeling but-
terﬂy strains.
Next, we consider cyclic electric ﬁelds that include major and
minor hysteresis loops as:
E3ðsÞ ¼
2:5 sin s 0 6 s < 1:5;
0:5 sinðs 1:5Þ sP 1:5:

ð4:1Þ
The corresponding hysteresis response is illustrated in Fig. 4.6a. In
this analysis, material properties reported in Table 4.1 are used.
After the ﬁrst cycle of the polarization switching, the material still
undergoes ‘recovery.’ This recovery effect from the major hysteresis
loop is shown by the polarization shape during the ﬁrst half cyclesof the minor loops: an increase in polarization due to applied elec-
tric ﬁeld combined with the polarization recovery from the ﬁrst cy-
cle of the major hysteresis response results in nearly constant
polarization. As the number of cycles in the minor hysteresis load-
ing increases and time advances, steady state condition will be
reached. When the material is given enough time to recover its
polarization from the major hysteresis loop, the minor hysteresis
polarization response will be of an ellipsoidal shape, as depicted
in Fig. 4.6b. To illustrate this response, the following history is
considered:
E3ðsÞ ¼
2:5 sin s 0 6 s < 1:5
0:0 1:5 6 s < 4:5
0:5 sinðs 4:5Þ sP 4:5:
8><>: ð4:2Þ
Fig. 4.10. Time-dependent polarization and strain response: Parameter A: exponential function of time to simulate creep behavior, Parameter B: linear function of time.
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We now use the time-dependent electro-mechanical model to
simulate polarization and strain responses of a soft PZT (PIC
151), reported by Zhou and Kamlah (2006). The creep response
of initially unpoled PZT specimens was examined during the poling
process. This was done by applying electric ﬁeld with a constant
rate (0.08 MV/ms) until a certain level of electric ﬁeld was achieved
and the electric ﬁeld was held constant for 600 s. The correspond-
ing polarization and strain responses were recorded (Fig. 4.7) and
during the 600 s holding period, signiﬁcant increases in the corre-
sponding polarization and strain responses were observed. The
electric ﬁeld was then removed with a constant rate of 0.08 MV/
ms and the corresponding polarization and strain were recorded
for over 600 s during the recovery period. The advantage of using
a time integral model, in which time is explicitly introduced as a
variable, is that the material parameters can be calibrated directly
from real-time experimental data collected during the entireperiod of loading. When the material parameters are calibrated
from the stress-strain and/or polarization-electric ﬁeld responses
after eliminating the time variable, one can end up with different
time-dependent functions and still predict the same response.
We use the polarization response with the maximum applied
electric ﬁeld of 0.88 MV/m to calibrate material parameters, which
are given in Table 4.2. These material parameters are calibrated by
varying their values until the overall response matches with the
experimental data in Fig. 4.7a (shown with the square symbol).
The material properties for the time-dependent and residual polar-
ization can be precisely determined from complete polarization-
time responses at various levels of applied electric ﬁelds. The
reported experimental data show that the creep response is more
pronounced close to the coercive electric ﬁeld, which is reported
as 1 MV/m, and during the recovery period insigniﬁcant changes
in the polarization and strain responses are observed. It is due to
this fact that we adopt the ‘time-shift factor concept’ to model
time-dependent response of the PZT at different levels of applied
Fig. 4.11. Temperature-dependent polarization switching response of PZT-5A (experimental data are obtained from Hooker (1998)).
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internal clock, or the characteristic time of materials which is
determined at the reference condition. The modiﬁed characteristic
time is given as:
s1ðEtÞ ¼ a Et ; Eref
 
s1 Eref
 
: ð4:3Þ
We take the reference condition to be Eref ¼ 0:88MVm 15. The following
shift-factor is used for scaling the characteristics time:
aðEt; Eref Þ ¼
1:0 57:82ðEt  Eref Þ 0 6 Et < Eref
1:0 Et ¼ Eref
1:0þ 20ðEt  Eref Þ Et > Eref :
8><>: ð4:4Þ
Fig. 4.7a shows that the model (denoted by solid line) is capable of
predicting the time-dependent polarization response of the soft
PZT.
The corresponding strain responses for different levels of elec-
tric ﬁelds are determined using Eq. (2.20). For this purpose, the pie-
zoelectric constant at the remanent polarization (Pr = 0.345C/m2)
is taken as 0.01 m2/C. Fig. 4.7b illustrates the strain prediction by
assuming a linear variation of the electro-mechanical coupling
constant with polarization, which is referred as ‘‘Nonlinear 1’’.15 It is possible to pick a different reference point. The shift-factor measures changes
in the characteristic time at current condition w.r.t. the characteristic time at a
reference condition.Overall good prediction of the ﬁrst polarization region is observed
with some mismatches at high electric ﬁelds; however, signiﬁcant
mismatches are shown for the creep strains. The mismatches could
be due to the limited nonlinear effect that can be capture by using
strain model in Eq. (2.20) and/or that the electro-mechanical cou-
pling behavior shows signiﬁcant time-dependent effect which can
be modeled using Eq. (2.22). Different nonlinear variations of the
electro-mechanical coupling constant with polarization can be
considered to improve the strain response as depicted in
Fig. 4.7c. The ‘‘Nonlinear 2’’ uses the following function:
et ¼ PtPr
 ePt=C1grPt with Pr = 0.345C/m2, gr = 0.013 m2/C, C1 = 0.9 C/
m2. To highlight the signiﬁcance of having the piezoelectric con-
stant varying with polarization, the strain responses with ﬁxed pie-
zoelectric constants are illustrated in Fig. 4.8. The corresponding
strains in the ﬁrst polarization stage determined by two ﬁxed pie-
zoelectric constants are shown in dashed lines (linear response)
which results in signiﬁcant mismatches. The time-dependent
polarization model is capable of incorporating the effect of rates
of electric ﬁeld inputs on the polarization switching response.
The rate of electric ﬁeld (or frequency) can signiﬁcantly inﬂuence
the polarization response as depicted in Fig. 4.9. The slowest rate
gives the highest saturated polarization, which is expected, since
the ferroelectric materials have sufﬁcient time to relax.
The material parameters are often characterized from the
stress-strain and/or polarization-electric ﬁeld responses or hys-
teresis response after eliminating the time variable. In calibrating
Table 4.3
Material parameters for PZT-5A at various temperatures.
T
(C)
Ec
(MV/m)
j0
(x109 F/m)
j1 s1
(s)
k
(106 F/m)
n l
(106 F/m)
x
75 1.41 10 10 1.0 0.12 2.0 0.12 3.0
0 1.2 20 25 1.0 0.38 2.0 0.38 3.0
25 1.15 20 35 1.0 0.58 2.0 0.58 3.0
100 1 30 55 0.5 1.10 4.0 1.10 5.0
250 0.38 65 25 0.1 2.20 4.0 2.20 6.0
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in Fig. 4.7a, one can end up with a linear, quadratic, or exponen-
tial function of time (see Fig. 4.10). It is possible to correct this
error by checking the response in an actual time domain16. Here
we relied on available experimental data reported by Zhou and
Kamlah (2006)), in which the time-dependent response due to
the input electric ﬁeld described at the beginning of Section 4.2
is only presented for the corresponding strain output at the max-
imum electric ﬁeld of nearly 1.5 MV/m. Although Zhou and Kam-
lah (2006) did not include the corresponding time-dependent
response for all polarization and strain outputs at different maxi-
mum applied electric ﬁelds in Fig. 4.7, they discussed the creep-
like response for the time-dependent polarization and strain at
the holding period of 600 seconds. We use the presented time-
dependent strain at the maximum electric ﬁeld of 1.5 MV/m for
comparing the time-dependent response generated using the pro-
posed model (Fig. 4.10c). It should be noted that during the
unloading period, at the time when the applied electric ﬁeld is
zero the model predict a higher strain value (indicated by ⁄),
the recovery response would reduce this strain till it reaches a
saturated strain. All the material parameters used in the model
are calibrated from matching the polarization response at the
maximum electric ﬁeld 0.88 MV/m, in which the time-dependent
properties are determined by simulating a creep function with
known polarization values at t  0 and t  600 s.
4.3. Hysteresis response of PZTs at different temperatures
We use the time-dependent polarization model to simulate
polarization switching response of PZT 5A at temperatures:
75  250 C. Hooker (1998) examined the electro-mechanical
properties and polarization switching response of four different
PZTs at various isothermal temperatures. Experimental tests on
the polarization switching response were done at frequency of
1 Hz and at amplitude of electric ﬁeld of 2 MV/m. At the lowest
temperature the major hysteresis loop showed insigniﬁcant
polarization switching and low polarization while at high tem-
peratures polarization switching occurred faster as indicated by
a low coercive electric ﬁeld Ec (see Fig. 4.11). In order to deter-
mine material parameters in the time-dependent polarization
model, for each available data temperature-dependent material
parameters were calibrated by matching the overall polarization
switching response. Thus, it is possible to have different sets of
material parameters that predict the experimental data. How-
ever, these variations are limited since each material parameter
only inﬂuences a speciﬁc shape of the major hysteresis response,
as discussed in Section 4.1. Fig. 4.11 illustrates the polarization
switching response of PZT-5A at various isothermal tempera-
tures. It is seen that the model is capable of capturing different16 From experiments, we usually collect a real time response such as polarization
response at different times, which can be directly used to calibrate material
parameters in a real time domain. When a differential model is considered, depending
on the complexity of the constitutive model and history of prescribed loading it is not
always easy to ﬁnd an exact time-dependent expression by integrating the
differential model with respect to time.shapes of the major hysteresis curves. The calibrated material
parameters are given in Table 4.3, except for the values of Ec
which are obtained from Hooker (1998).5. Conclusions
We present a nonlinear time-dependent polarization model
based on a single integral function. The constitutive model is suit-
able for predicting response of ferroelectric materials undergoing
various histories of electric ﬁelds. The total polarization is addi-
tively decomposed into the time-dependent and residual compo-
nents. The residual component of the polarization is due to
polarization switching in the ferroelectric materials. We also adopt
the ‘internal clock’ concept to incorporate the effect of electric ﬁeld
on the rate of polarization. The corresponding strain response is
determined through the use of third order piezoelectric constant
and/or fourth order electrostrictive constant. The electro-mechan-
ical coupling effect is exhibited only for a polarized ferroelectric
ceramics, thus the piezoelectric and electrostrictive constants
should depend on the polarization. In a simple way, we model
the polarization dependent electro-mechanical coupling by line-
arly varying these constants with the polarization. It is also possi-
ble to incorporate nonlinear variation of piezoelectric and
electrostrictive constants with polarization. The ambient tempera-
tures can signiﬁcantly affect the hysteresis response of ferroelectric
ceramics. Thus, to incorporate changes in the material microstruc-
tures with temperatures, all material parameters in the time-
dependent polarization model are allowed to vary with
temperatures.
An efﬁcient time-integration algorithm based on a recursive
method is formulated to obtain solution for the polarization re-
sponse subject to various histories of electric ﬁelds. The time-
dependent polarization model is capable of predicting polarization
behaviors at various levels of electric ﬁelds and temperatures. We
also show the signiﬁcant effects of loading rates and polarization-
dependent properties on the overall polarization and electro-
mechanical coupling responses of ferroelectric materials.Acknowledgement
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